Weighted Nash InequaHties 

Dominique Bakry*^, Frangois Bolleyl Ivan Gentil^and Patrick Maheux§ 



June 25, 2010 



Abstract 

(•~^ ■ Nash or Sobolev inequalities are known to be equivalent to ultracontractive 

CN . properties of Markov semigroups, hence to uniform bounds on their kernel den- 

! sities. In this work we present a simple and extremely general method, based on 

^ ' weighted Nash inequalities, to obtain non- uniform bounds on the kernel densities. 

Such bounds imply a control on the trace or the Hilbert-Schmidt norm of the heat 
I kernels. We illustrate the method on the heat kernel on M naturally associated with 

the measure with density Ca exp(— jxl'*), with 1 < a < 2, for which uniform bounds 
are known not to hold. 



• Key words: Nash inequality; Super-Poincare inequality; Heat kernel; Ultracontractivity. 



MSG 2000: 35P05; 47D07; 35P15; 60J60. 



^ Introduction 

^ i The classical Nash inequality in M" may be stated as 



iMiir/'<c„ii/iiiiiv/r/^ 

o 



2 ^ ^n\\J lUII V J 



Q I for all smooth functions / (with compact support for instance) where the norms are 
computed with respect to the Lebesgue measure. This inequality has been introduced by 
J. Nash in 1958 (see [21]) to obtain regularity properties on the solutions to parabolic 
^ . partial differential equations. The optimal constant C„ has been computed more recently 
H ■ in [S]. 

In the more general setting of a symmetric Markov semigroup {Pt)t>o one has to replace 
by the Dirichlet form £{f, f) associated with its generator. Inequality ([I]) implies 
smoothing properties of the Markov semigroup in the following way : given a function /, 
then ip(t) = \\Ptf\\2 has derivative (f'it) = —2£{Ptf,Ptf), so, by the Nash inequality ([T]), 

< Cl\\PJ\\l{-v\t)/2f' < Cl\\f\\li-v\t)/2f'. 
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Integrating leads to the first bound ||Pt/||2 < C"t-"/^||/||i for t > and tlien to ||Pt/||oo < 
C"t~"/^||/||2 by duality and symmetry of the semigroup. This finally implies the classical 
uniform bound 

||PJ||oo<c"'r"/2||/||i (2) 

for t > by semigroup properties. In turn this implies uniform bounds on the kernel 
density of the semigroup such as 

b*(x,2/)|<C"V"/^ (3) 

for all X, y and t > 0. 

Depending on whether the reference measure is finite or not, Nash inequalities take 
the general form 

ii/ii2"'"/'<ii/iii[«^(/,/)+Mi/iir^ (4) 

where n no longer needs to be an integer. They are one of the many forms of the celebrated 
Sobolev inequality 

||/||2n/(„-2)<af(/,/)+6||/||^ (5) 

for n > 2, see [6l [25]. Up to constants, these inequalities are all equivalent to the ultra- 
contractive bound 

llPJIloo < 0<t<l (6) 

on the Markov semigroup associated to the Dirichlet form S, hence to uniform bounds 
on the kernel density of the semigroup Pt with respect to the reference measure, see 
P, [12], [HI [15], [26] among many works on this topic. 

The Nash inequalities (jlj) do not give the optimal constant C in ([6]). The optimal 
contractive bounds ||-Pt/||q < ^^^^^^^(t) ||/||p for the classical heat equation in M" can be 
obtained by the Euclidean logarithmic Sobolev inequality (see 0, 121]), but the Nash 
inequality is the easiest and the most intuitive way to get ultracontractive bounds such 
as ©. 

Inequalities (j4]) have been studied by F.-Y. Wang in [27] as part of a more general 
family of inequalities, called Super-Poincare inequalities, of the form 

11/11^ <a^(/,/) + 6(a)||/||? (7) 

for a > oq, where 6 is a nonnegative function. Optimising in ([7]) over the parameter a 
leads to 



2 

?-^V 11/11? 



where iplx) = inf {ax + b{a)} is an increasing concave function, or equivalently 



2 

11/11? 



for an increasing convex function (p. Then, following the argument leading to i^, it 
implies the ultracontractive bound 

||Pt/||oo<f/-^(t)||/||i, (9) 
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for all t > 0, where U{t) = l/(f){x)dx is well defined under adequate assumptions on 
(see [H]). 

The generalized Nash inequalities ([7]) are also a powerful tool to obtain spectral prop- 
erties of the generator defining the Dirichlet form (see in particular they imply that 
its essential spectrum is empty. When the reference measure has finite mass, they also 
provide additional properties of the measure in the fields of concentration, asymptotic 
behavior and isoperimetry, as in |8]. They belong to the large family of functional in- 
equalities such as the Logarithmic Sobolev and the Poincare inequalities, and have been 
studied in many recent works such as 



This work is devoted to a more general situation in which the semigroup is not ultra- 
contractive, so that one cannot expect uniform bounds on its kernel density, as in (jS]). For 
instance the Ornstein-Uhlenbeck on M", which is probably the most studied semigroup 
on M", beyond the classical heat semigroup, is not ultracontractive; in fact, according to 
a famous result by E. Nelson, it is only hypercontractive (see [T] for example). Observe, 
according to the celebrated theorem of L. Gross [TT], that the corresponding hypercontrac- 
tive bounds are equivalent to a logarithmic Sobolev inequality for the Gaussian measure 
(which is weaker than the Sobolev inequality ([5])). Of course the Ornstein-Uhlenbeck 
kernel is explicit, so it is useless to get any estimate on it, but, for many other examples, 
pointwise estimates on the kernels are an interesting and not so easy issue. There is a 
very large literature on this problem, see [15] and the references therein. 

Non-uniform estimates on the density of the heat kernel may provide useful information 
on the semigroup. For example, let us consider a symmetric semigroup {Pt)t>o which may 
be represented by a density pt{x,y) with respect to an invariant measure fi, that is, such 
that 

Ptf{x)= I f{y)pt{x,y)dfx{y) 



JE 

for all X and t > 0. Then the operator Pt is in the trace class and therefore has a 
discrete spectrum as soon as pt{x,x) G C^ifJ') ', moreover estimates on the spectrum can 
be obtained as detailed below. 

In the general situation when the kernel density should not be uniformly bounded, 
the classical Nash inequality ([I]) is not adapted, and the main idea of this work is to use 
the generalized Nash inequality ([H]), modified with a weight depending on the expected 
estimate. Depending on the generator of the heat kernel and the reference measure con- 
sidered in the norms, we shall look for a positive function V and an increasing and 
convex function such that 

for all /. Such an inequality will be called a weighted Nash inequality. We shall look 
for weight functions V satisfying the subharmonic condition LV < cV where L is the 
infinitesimal generator of the semigroup ; this assumption is very close (but easier to 
satisfy) to the condition on Lyapunov functions recently used by the first author, F. 
Barthe, P. Cattiaux and A. Guillin in [21 13] to prove functional inequalities such as the 
Poincare and super-Poincare inequalities. Here is a key difference between our approach 
and theirs : the Lyapunov functions used in the present work explicitly appear in the 
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functional inequalities themselves, whereas in the works mentioned above they are only a 
tool to get the sought functional inequalities but they do not explicitly appear in the final 
estimates : they are used like a catalyst to derive them. We will prove that the weighted 
Nash inequality f lTU|) and the subharmonic condition on the weight function V imply the 
non-uniform estimate 

Mx,y)<Kit,(l),c)Vix)Viy) 
of the heat kernel, for a positive function K. 

1 Framework and outline of the work 

This work is devoted to properties of symmetric Markov semigroups {Pt)t>o- On a given 
measure space {E, S, fi), a. symmetric Markov semigroup is a family of positivity preserving 
operators acting on bounded measurable functions, which preserve constant functions, and 
are moreover symmetric in C^{fi). In the main application of section IU the measure fi 
will be a probability measure, but it could also be a measure with infinite mass. The 
operators Pt are contractions in C^{fi) and C°°{fi), so are contractions in any C^{fi) with 
1 < p < oo. The semi-group property consists in the identity Pto Pg = Pt+s for any s and 
t in M+, together with a continuity assumption at t = 0, for example here that for any 
/ G C^ifi), Ptf converges to / in when t converges to 0. We shall assume that, for 

all t, Pt has a kernel, which is the case when E is a. Polish space. 

Symmetric Markov semigroups naturally appear as the laws of Markov processes 
{Xt)t>o on E which are reversible in time: for example in the case when /i is a prob- 
ability measure, this means that for any T > 0, the law of the process {Xt, < t < T) 
when the law of Xq is n is the same as the law of the process (X-r-t, < t < T). 

They also naturally appear when solving a heat equation 

dtu = Lu, u{x, 0) = f{x) 

on E X [0, oo); here L is a (unbounded) self-adjoint operator satisfying the maximum 
principle and LI = 0, for example a second order differential sub-elliptic operator with no 
0-order term on an open set on M" or a manifold; in this case, and under mild hypotheses, 
the solution may be represented as 

u{x,t) = PJ{x). 

By the Hille-Yosida theory, the operator Pt has a derivative L at t = which is 
defined in a domain dense in Moreover Pt = exp(tL) and L is self-adjoint since Pt 

is symmetric, see [31] for instance. Also Pt is a contraction in C^i^fi), so that the spectrum 
of L lies in (— oo, 0]. 

Under our assumptions, for all t > the operator Pt will be represented by a kernel 
density pt{x,y) with respect to the reference measure /i, in the sense that there exists a 
nonnegative symmetric function pt on E x E such that 
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for yU almost every x in E. Then the semigroup property Pto Ps = Pt+s may be translated 
into the celebrated Chapman-Kolmogorov equation 

Pt{.x, y)ps{y, z)dii{y) = pt+six, z) 



E 



for /i (8) /X almost every [x, z) m. E ^ E. 

Moreover, as soon as the kernel density pt{x,y) is in ® /i), the operator Pt is 
Hilbert-Schmidt on C^{fi) (see [12] for instance). In particular Pt has a discrete spectrum 
(/i„(t))„,gN, associated to a sequence of orthonormal eigenf unctions (e„)„gN in In 
this case 

Pt{.x,y) = ^ iJ,nit)enix)eniy) 



and the series converges since 



Pt{x,yfd^i{x)d^i{y) < +00. (11) 



Moreover 



/ pt{x,yYdii{x)d^{y) = / p2t{x,x)d^i{x) 
Jexe Je 



so that P2t is in the trace class. Of course such estimates can be established only for t > 0. 

Since Pt = exp(tL) this just shows that L itself has a discrete spectrum {—Xn)nm with 
A„ > and Aq = 0, such that fin(t) = e~'^"*. We see in the estimate ( fTTl) how a control on 
Pt{x,x) or pt{x,y) may lead to a control on the spectrum {fin(t))nm of P(, hence on the 
spectrum (A„)„gN of L. 

In general, as explained above, it is not easy to get the existence of the density Pt{x, y) 
and such a control on it. The classical situation in which Pt is Hilbert-Schmidt is when 
/i has finite mass and pt is bounded. For example, under the Nash inequality ([I]) or ([H]), 
then according to the ultracontractive bound ([9]) the operator Pt is bounded from £^(/i) 
into C°°{fi) with norm Ct- In this case Pt may be represented by a kernel density pt which 
is /i ® /i almost surely bounded by the same constant Ct under a mild assumption on 
{E,£,fi) (for instance if S is generated by a countable family, up to zero measure sets, 
see Lemma 4.3]): spaces {E,S,fi) for which this holds will be called nice measure 
spaces. They include Polish spaces on which Markov semigroups can be represented by a 
kernel. 



This work is devoted to the case of non ultracontractive semigroups, that is, of non 
bounded kernel densities. We shall replace the Nash inequality by the weighted Nash 
inequality ( |TOl) with a weight V such that LV < cV to obtain the existence of a density 
Pt which satisfies 

Pt{x,y)<K{t,<j),c)V{x)V{y), (12) 

see Proposition 12.11 Theorem 12.51 and Corollary 12. 8[ 

In section [3] we give a simple illustration of this method, see Theorem 13.11 There we 
deduce the following universal bound on M" from the classical Nash inequality ([T]) : if the 
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invariant measure n, not necessarily finite, has a positive density p, then 




where V = p This leads to a weighted Nash inequality if moreover LV < cV, whence 
to bounds such as ffT^ . 

A case study of symmetric semigroups on M consists in the Sturm-Liouville operators 
: given a probability measure fi with smooth and positive density p with respect to the 
Lebesgue measure, the Sturm-Liouville operator 



defined on smooth functions leads to a symmetric Markov semigroup in C?{p). Depending 
on p, this family shows all possible behaviours. The main example studied in this article 
concerns the probability measures 



on M and their associated Markov semigroup {Pt)t>o', here a > and Ca is a normalization 
constant. 

If a > 2 then the semigroup is ultracontractive and the density with respect to the 
measure pa is uniformly bounded (see [18] for the proof, among more general examples). 
In the limit Gaussian case when a = 2 then the semigroup is the well known Ornstein- 
Uhlenbeck semigroup (up to normalization), which is not ultracontractive any more but 
only hypercontractive. It means that for t > 0, Pt maps C'^{pa) into some C^^^^pa), where 
2 < q{t) < oo : this is Nelson's Theorem. Observe that in this case one explicitly knows 
the density pt{x,y) and the spectrum A„ = n, and that Pt is Hilbert-Schmidt. 

Now, if 1 < a < 2 the semigroup Pt is not hypercontractive anymore since the measure 
Pa does not satisfy a logarithmic Sobolev inequality anymore. In fact, as shown in [7], Pf 
with t > satisfies Orlicz hyp ercontr activity : it maps C'^{pa) into a Orlicz space slightly 
smaller than C'^{pa). This functional regularity does not bring any explicit upper bound 
on the kernel density pt- 

As a simple illustration of our general method, we shall prove that for all real P there 
exists 9 > such that the density pt{x, y) satisfies the explicit upper bound 



For /3 > 1/2, this estimate is in C'^{pa), so that the operator Pt is Hilbert-Schmidt 
: to our knowledge this is a new result. In the other limit case, when a = 1, such 
estimate can not hold anymore : indeed the spectrum of —L does not only have a discrete 
part but lies in {0} U (Ao,oo), with Aq > (see [2S])- Let us note that studying the 
measures pa for a G (1, 2) is a current active domain in functional analysis. These measures 
represent a large class of log-concave measures: they are not log-concave enough to satisfy 
a logarithmic Sobolev inequality, but some of their properties, as the concentration for 



Lf = f" + log(p)7' 
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instance, are similar of the standard Gaussian measure, one can see [71 El [lEl [20] for 
example. 

The method used here to get the weighted Nash inequalities on the real line will be 
quite close to the method introduced by B. Muckenhoupt in [23] and generalized later 
by S. Bobkov and F. Gotze in [TT] to characterize measures which satisfy Poincare or 
logarithmic Sobolev inequalities in the real line. We shall not try here to get the same 
kind of if and only if results, since there are too many parameters to control (the weight 
function V, the rate function $ and so on). 

We shall not either try to extend our results to the most general setting, for example 
Riemannian manifolds, which would require a more precise analysis of the Laplacian of the 
distance function, and therefore lower bounds on the Ricci curvature. Instead we prefer to 
concentrate on some key one-dimensional models to show the easiness and the efficiency of 
the methods presented here. Moreover, as usual when using Lyapunov functions, constants 
obtained in these estimates are far from optimal and that is why we only focus on the 
overall behavior of the estimates but not try to make the constants finer. 

The plan of the article is the following. In the next section we explain the abstract 
result : how a weighted Nash inequality coupled to a Lyapunov function implies a non- 
uniform estimate of the kernel density. In section 13 we prove a universal weighted Nash 
inequality. In sectionlHwe finally apply the method of section H] to the measures /ia defined 
above for a e (1, 2). 

Notation : In the whole article, || ■ ||p stands for the norm with respect to the measure 
/i. The measure /i could change, depending on the context, but it should be always clear. 

2 The abstract result 

In this section we present a simple method to obtain the existence and explicit and non- 
uniform bounds on Markov semigroup kernel densities. 

In the classical ultracontractive case the upper bound on the kernel density of QoQ 
follows from 

IIQ/II2 < ll/lli ^ WQoQfWoo < ll/lli ^ \q\x,y)\ < 1. 
We extend this property to non-uniform estimates. 

Proposition 2.1 Let {E,S,fi) be a nice measure space, Q a symmetric bounded opera- 
tor on C^{fi) and V a positive measurable function on E. Then the two assertions are 
equivalent : 

(i) The operator Q satisfies 

\\Qfh<\\fVh 

for all f G ; 

(a) The operator Q"^ = QoQ may be represented by a kernel density q'^{x, y) with respect 
to fi which satisfies 

\q\x,y)\<Vix)V{y) 
for /i ® almost every [x, y) in E x E. 
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// moreover the function V is in C^lfi), then Q is Hilbert- Schmidt, and therefore has a 
discrete spectrum (/i„,)„,gN such that, 



Proof. — Let us assume (z) and let us consider the operator Qi = ^QV, that is, defined 
by 

Qif = ^QifV). 

By hypothesis, Qi is a contraction from jC^(i^) into £^(z/) where du = V^dn. Moreover it 
is symmetric with respect to the measure i' since so is Q with respect to /i, so by duahty it 
is also a contraction from into and by composition the operator Qf = QioQi 

is a contraction from C^{iy) into £°°(z/). 

This implies that Ql may be represented by a kernel density qf{x, y) in the space 
which satisfies \qi{x,y)\ < 1 for v ®v almost every (x,?/) in E x E (see [21 Lemme 4.3] 
for instance). On the other hand, 

Qii^^ y) vi^) viv) = Q^i.^^ y) 

for fi^ fi every [x, y), noting that V is positive. This implies {ii). 
Conversely, if / G C?{lj), then, by symmetry of Q, 

\\Qf\\l= / fQ'fdfi= I q\x,y)f{x)fiy)di^i®fi)ix,y)< ( / \f\Vdfi' 
which proves (i). 

If now V G C'^ifJ'), then the kernel q'^{x, x) is integrable on E with respect to fi, which 
just means that Q is Hilbert-Schmidt. ■ 

Example 2.1 The first and explicit example is the classical Ornstein-Uhlenbeck semi- 
group in M", with generator L = A — x ■ V : in a probabilistic form it is given by the 
Mehler formula 

Pi/(x) =E(/(e-*x + Vl-e-2*F)), 

where Y is a standard Gaussian variable with law 7. It admits a kernel density with 
respect to the Gaussian measure, given by 



p,(a;,2/) = (l-e-2*)-"/2 



exp 



2(1 -e-2t 

for all x,y E M" and t > 0. In particular 

P2t{x,y) < P2t{x.xfl'p,,{y,yfl' = (1 - e-^*)-"/2exp exp (13) 

by the Gauchy-Schwarz inequality, with equality if x = y. Hence, by Proposition \2.1\ 
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where 

-4^^|-n/4^^^ f 1^1 

2(1 + 6 



Vt{y) = {l-e-'y^^exp 



2t} 



This bound has been obtained in a more general context in J^, where it is shown to be 
optimal, being an equality for square-exponential functions f. 

By Proposition 12 . 1 1 we are now brought to prove bounds such as (i). 

When the operator Q is a Markov semigroup Pt with a kernel pt, evaluated at time t, 
then one may obtain such bounds through functional inequalities that we describe here. 
We shall mainly be concerned with the case when is a probability measure, although 
much of what follows could be extended to the case when /i has infinite mass. 

Let {Pt)t>o be a symmetric Markov semigroup on E with generator L and associated 
Dirichlet form 

£MJ) = - [ fLfdii. 



This quadratic form can be defined on a larger subspace than the domain of L, which is 
called the domain of the Dirichlet form. 

Bounds such as ||Pt/||2 < -^(^)||/^l|i '^iH be obtained by means of weighted Nash 
inequalities and Lyapunov functions, that we now define. 

Definition 2.2 Let V be a positive function on E, M be a nonnegative real number and 
(j) be a positive function defined on (M, oo) with (f){x)/x non decreasing. 

The Dirichlet form satisfies a weighted Nash inequality with weight V and rate 
function if 

(M) < ^JI4 (14) 



^\\\fv\\V - ii/vii; 

for all functions f in the domain of the Dirichlet form such that WfWl > M \\fV\\\. 

As recalled in the introduction, the fundamental two examples are the classical Nash 
inequality ([T]) for the Lebesgue measure, with = and M = 0, (M > 6"/^ for 

the generalized inequality (jlj)) and those (j8]) given by Super-Poincare inequalities, with 
the inverse of inf {ax + and M = 0. They all have weights V = 1, and in the 

a 

following we shall be concerned with Nash inequalities with a general positive weight V. 

Definition 2.3 A Lyapunov function is a positive function V on E in the domain of the 
generator L such that 

LV < cV (15) 
for a real constant c, called the Lyapunov constant. 

It is not really necessary for V to be in the £^-domain of L, but for simplicity we 
restrict to this situation, which will be the situation in our examples below. 

Remark 2.4 In our context the Lyapunov constant c will be nonnegative. Negative Lya- 
punov constants can also be considered, but by adding an extra term : for instance the 
authors in JBil^ consider Lyapunov functions V such that LV < —jV + Ik where 7 > 0, 
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V > 1 and K is a compact set. These Lyapunov functions are a powerful tool to ob- 
tain rates of the long time behavior of the Markov semigroup, for example, through the 
obtention of Poincare or more generally weak Poincare inequalities. 

As mentioned in the introduction, Lyapunov functions defined as in our definition \2.3\ 
with c > are introduced to obtain smoothing properties of the Markov semigroup for a 
fixed time t > 0. 

When /i has finite mass, one can also observe that the restriction V > in ( fT5l) could 
be replaced by > 1 when c > 0, since one may always change V into + 1. This will 
be the case in the main application given in section HJ 

Then, one has the following. 

Theorem 2.5 (Wang) Let {Pt)t>o be a Markov semigroup on E with generator L sym- 
metric in C^ifJ^). 

Assume that there exists a Lyapunov function V in C?{^i) with Lyapunov constant 
c > 0, and that the Dirichlet form associated to L satisfies a weighted Nash inequality 
with weight V and rate function on (M, +oo) such that 



Remark 2.6 After completing this work, we learnt from F.-Y. Wang that he obtained 
this result under weighted Super- Poincare inequalities in f28[ Theorem 3. 3]. We state and 
prove it in our context to show that our method is simple and self contained. 

Here the measure /i need not be a probability measure and may have infinite mass 
and, in the case when U{M) = +oo, then K is just defined by the first line. 

Observe also that if M = then we can take any real parameter c, as one can see from 
the proof. 

Remark 2.7 As mentionned in Remark \2.4\ we are not mainly concerned with the long 
time behaviour of the Markov semigroup, though in some cases a weighted Nash inequality 
may reveal adapted: for instance, in the case when c = 0, M = and U{M) = 0, then 
Theorem \2.5\ ensures that Ptf converges to in for all f G C?{^i) with finite ||/V"||i; 

observe that in this case fi has necessarily infinite mass. If fi is a probability measure. 




(16) 





where U denotes the (decreasing) function defined on (M, +oo) by 
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then we expect Ptf to converge to J fdfi, which is a priori nonzero, so the rate K{2t)e'^^ 
can not converge to 0. 

On the contrary weighted Nash inequalities are adapted to get estimates on the small 
time behavior : Theorem \2.5\ gives a bound on ||-Pt/||2 fort > which depends on f only 
in terms of a weighted £} norm, which is an illustration of the gain of integrability induced 
by the semigroup. Observe that the coefficient K{2t) tends to +00 as t goes to 0. 

By Proposition 12.11 this leads to the following bounds on the kernels: 

Corollary 2.8 If the Markov semigroup {Pt)t>o satisfies the assumptions of Theorem \2.5\ 

above, then Pt has a density pt with respect to fi which satisfies 

P2t{x,y) < K{2tfe^''V{x)V{y), 

for all t > and fi ^ fi almost every {x,y) E E x E. 

Moreover Pt is Hilbert- Schmidt for all t > 0, and therefore has a discrete spectrum 
(/U„(t))„eN such that 

Proof of Theorem \2.5\ — Let / be given in C^lfi). With no loss of generality we can 
assume that / > by writing the argument for |/| + e, and letting e go to and using 
the bound \Ptf\ < Pt\f\. 

First notice that the map G{t) = J VPtfdfi has derivative 



G'{t) = J VLPtfdfx = J LVPtfdfx < cG{t), 



so that 

J VPtfdfi<e''' J Vfdfi. (17) 
Then, given < t < T fixed, consider the function 

WPsfWl 



Ris) 

{e^JfVd^^y 

on [0,t]. Then 

-R'{s) _ £,{Ps, 



f.Psf) ^ £,{Psf,Psf) ( JPsfydfi V 
fVduf (fPJVda?\e^'IfVdfiJ 



2 {e^tJfVdfiY iJPsfVd^i) 

In particular R is decreasing. Moreover, if there exists s G [0, t] such that R{s) < M, 
then R(t) < R{s) < M, which yields the result. Hence we now assume that R{s) > M 
on [0,t]. Then, by ([I7D, 



(JPsfVdf^Y {e-^JfVdfif iJPsfVdfi)' {JPsfVdfif 
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for c > 0. 

Hence, by applying the weighted Nash inequahty to Pgf, ffTHI) gives 
-R'(s) _ f WPJWI 



>0 



{jpjvdfifJWIfvdfiJ 



Moreover 



WPsfWl ] > J WPsfWl ] (lPsfv±_Y 

{JPsfVdfiYJ - "^[{e^^JfYdf^yj {e^'IfVdf^J 
from the inequahty ( |T71) and the fact that (j){x)/x is non decreasing, so that 



In turn this may be seen as 
which integrates into 



U{R{s))' > 2 



U{R{t)) > U{R{0)) + 2t> 2t. 
Since U"^ is defined on (0, U (M)] and is decreasing then we obtain the upper bound 

R{t) < U~\2t) 

for aU t < U{M)/2. For those t > U{M)/2 then we have R{t) < M. Combining all these 
estimates gives the result. i 

Remark 2.9 In the main application of the weighted Nash inequality given in section^^ 
the weight function V is in C^ifi). But formally, one does not need V to be in C?{^) to 
get the result. This restriction is made here not only in view of Proposition It is also 
made to ensure the integration by parts formula 

LPJVdfi = J PJLVdii 

which leads to f ll7p . and automatically holds when V is in C?{^Ji) and in the domain of 
L. For those V which increase too rapidly at infinity, then it may be false in general; it 
requires a more precise analysis of the semigroup {Pt)t>o o-nd restricting to a large subclass 
of functions in C?{^i). 

Here are two fundamental examples in the two cases when fi has finite or infinite mass : 

• The Lebesgue measure on satisfies the classical Nash inequality ([T]), hence a 
weighted Nash inequality with weight V = 1 and rate function (j){x) = Cx^^'^^'^, for 
instance on the set (0, +oo). Then, by Theorem \2. 51 applied with V = 1 and c = 0, 
one recovers the well known contraction property of the classical heat kernel on M", 
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for all t > and for the non optimal constant C = n/4 instead of 1/ (Svr) (see f21^ 
for instance). In this case, we only have to consider functions f G and in 

the domain of the Dirichlet form J |V/p(i/i. The main tool to get optimal bounds in 
any forp > 1 for the classical heat kernel on is the Euclidean logarithmic 

Sobolev inequality as explained for instance in or 



The second example concerns the Sturm- Liouville operator Lf = f" + (log p)'/' on 
M, associated with the measure dfi = p{x)dx. Here it would be enough to know that 
(log p)" is bounded from above and that V p' and V'p go to at infinity. Indeed, in 
this situation, it is enough for smooth functions f and g that f'gp and fg'p go to 
at infinity to ensure, through integration by parts, that 

Lfgdu = - j f'g'dp = j fLgdp. 

When (log p)" is bounded from above, the semi-group satisfies a CD{a, oo) inequality; 
hence, as soon as f is bounded, then so is (Ptf)' when t > (see /H Remark 5.4-2]). 
Hence in this case we may work with the space of bounded functions to get the result. 

Examples will be studied in sectionslM and\^ 
Theorem 12.51 has the following converse: 

Theorem 2.10 Let p be a measure on E and let {Pt)t>o be a Markov semigroup on E 
with generator L symmetric in £'^{p). 

If there exists a positive function V and a positive function K defined on (0, oo) such 
that 

\\Ptfh<m\\fv\\, 

for all t > 0, then the weighted Nash inequality ( IT^ holds with the same function V , 
M = and function 

0(x) = sup|log^, x>0. 
Here again p need not be a probability measure. 

Remark 2.11 For instance, by Theorem \2.5\ if we assume a Nash inequality with 0(x) = 
Cx^ for large x, with r > 1, then we obtain a bound such as ||-Pj/||2 < -^(^)ll/^lli with 
Kit) = C"ti/2(i~r-) small t. 

Conversely, if we assume such a bound with such a K , then, by the converse Theorem 
\2.1(K we obtain a Nash inequality with function 4>{x) = C'x"' for large x. Therefore, in 
this case and up to the values of the constants, we have a true quantitative equivalence 
between the Nash inequality and the bound on ||Pt/||2- 

Proof of Theorem \2.1(A — It is based on the observation that the function 

t^log(llPJII^) 

is convex for any symmetric semigroup. Indeed, iih{t) = ||Pt/||^, then /;,'(t) = 2 J Ptf L{Ptf)dp 
and h"{t) =4/ (LPtffdp; hence h''^ < hh", or equivalently (log/z)" > 0. 
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Therefore 

log h{u) - log h{0) < - [ log h{t) - log h{0)] 



for all < u < t, so that 



by letting u go to 0. 
Now, if moreover 

h{t)<Kmfv\\i 

then (fT^ gives 

lim? - 11/^11? t H ll/lli 

This gives the claimed weighted Nash inequality. 



3 A universal weighted Nash inequahty on 

Let p be a positive smooth function on M". We prove a weighted Nash inequality for the 
operator Lf = A/ + V log p ■ V/ with the universal weight V = p~^l'^ and the measure 
d\x{x) = p{x) dx. As usual, || ■ ||p stands for the C^ip) norm and {Pt)t>o is the semigroup 
with generator L. 

Theorem 3.1 In the above notation, the classical Nash inequality is equivalent to 

ll/lir- <C|||/I^||f {s{fj) + j^^^pdp^ (20) 

for all smooth functions f on with compact support. If moreover LV < cV for c G M 
then 

ii/iir- <rfii/\/iif (s{f,f)+c [ fdp] 

Proof. — Let g he a. smooth function with compact support and let / = g^/p. Then 

f \f\'dx=\\g\\l 

[ \f\dx= [ \g\y^dx=\\gV\U, 

and 

/ \Vffdx= [ \Vg\'dp+ [ 2^Vg.V^dx+ [ g' 

JR" Jr" JR" ^ ^ Jr" 

By integration by part, the middle term is 
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so 



so that 

\Vf\'dx= I \Vg\'diJ.+ [ g^(^-2^-^) df,. 
Moreover 

LV 1 \S/V? 
- = -(AV'-2VlogV'.VV) = — -2^. 

/ |V/pda: = £(g,g)+ / dfi. 

Hence the classical Nash inequality (II]) for / is equivalent to ( l20l) for which concludes 
the proof. I 

This type of transformation has been performed by F.-Y. Wang in [28] at the level of 
the Super-Poincare inequality ([7]). From this the author estimates the kernel density of 
semigroups with infinite invariant measure. From Theorem 13.11 we now give estimates in 
the case of probability invariant measures. 

Corollaire 3.1 In the above notation, assume that fi is a probability measure and that 
V G C^ifi) satisfies LV G and LV < cV with c > 0. Assume moreover that the 

Hessian of log p is uniformly bounded from above on M" and that 

sup p{xY^\''-^ and sup | Vp(x)|p-^/V"-i ^ q 

x|=r |x|=r 

as r tends to infinity. Then Pf has a density pt which satisfies 

P2t{x,y)<-^e^''V{x)V{y) (21) 
for some d > and for all x, ?/ G M", t > 0. 

Proof. — We cannot directly apply Theorem 12.51 since V = p~^/^ is never in £^(/x). The 
argument is exactly the same, but we have to justify the inequality G'{t) < cG{t) where 
G{t) = JV Ptf dp for any smooth function / with compact support. 

First of all G'(t) = J VLPtf dp since V G C^{p) and Lf is bounded. 

Then we prove the integration by parts 

VLPtf dp = I LVPtfdp. 



Let r > 0, i?r be the centered ball of with radius r and v be its outward unit normal 
vector. Then, by two integrations by parts on B^, 

VLPtf dp = I LVPtfdp 

Ptfiruj) Wiruj) ■ V p{ruj)r'^~'^ du + V{ruj) VPtfiru) ■ v p{ruj)r'^~^ du. 

gn-l JS"-'^ 
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But the Hessian of logp is uniformly bounded from above on M", say by the real 
number A, so L satisfies a CD{—X, oo) curvature-dimension criterion. In particular (see [2] 
for instance) it implies the uniform bound 

IVPJI <e^*Pi|V/| <e^*||V/||oo. 

Then our assumptions on p ensure that the last two terms tend to as r tends to infinity, 
which justifies the integration by parts. i 

Remark 3.2 The key point here is that V = p~^l'^ is never in £^(/i), so this result does 
not ensure whether Pt is Hilhert- Schmidt or not. 

We illustrate Corollary 13. II on the examples of Cauchy and exponential type measures. 
We have in mind the measure exp(— |x|")(ia: in M" but for convenience we will study 
exp(— (1 + \x\'^Y^'^)dx instead of exp(— |x|'*)(ix which has the same behavior at infinity and 
has no singularity at x = 0. 

Corollary 3.3 Let p{x) = (1 + |xp)~^ with fi > n or p{x) = exp(— (1 + |xp)°/^) with 
a > 0. Then there exists a constant C such that for all t > and x, y G M" the kernel 
density pt satisfies 

Pt{x,y)<:^,e^'p-'/'{x)p-'/\y). 

In the next section we shall improve the bound on the kernel density in the case of the 
measure with density p{x) = exp(— (1 + |xp)"/^) with a > 1 ; for that purpose we shall 
use a Lyapunov function V which will be now in £^(/i). 



4 The measures on M between exponential and Gaus- 
sian 

In this section we shall prove that the weighted Nash inequality (1141) holds with power 
functions (p weights V for the semigroups on M with the invariant measure 

exp{—\x\'^)dx. Again for convenience we will study exp(— (l+x^)"/^)rfa; instead of exp(— |x|'*)(ia;. 

The analysis made here would make no difference if one would work on R"', except for 
the values of the involved constants. We shall let 

r(x) = (i + x2)i/2, 

and for a > the probability measure 

dpa ~~ ^ 

where Ca is the normalizing constant. 

We are dealing with the Sturm-Liouville operator 

Lf = f" - aT^-^T'f, 
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which is symmetric (and even self adjoint) with respect to the probabihty measure /Iq. 
We let Pa denote the density function of the measure /Xq with respect to the Lebesgue 
measure, that is 

Pa = exp(-T'^). 

In this case, / is in the domain of the Dirichlet form as soon as /' G and 



We shall not pay too much attention to the values of the constants which may be far 
from being optimal. 

Lemma 4.1 For all a > and /3 G M the function 

V = Pa'/'T~^ = exp(^)T-^ (22) 



^ 2 ^ 

is a Lyapunov function; moreover V G C'^{p,a) o-s soon as (3 > 1/2. 

Proof. — First observe that V is positive, and is a Lyapunov function with constant c if 
and only if 

L{\ogV) + (logV)'^ < c. 

But, with T = T{x), 

L{logV) + {logVf = |(a - l)T^-^T" - ^t'^-^t" + /3(/3 + 1)^ + ^T-^T" - f3^ 
= ^T''-\2{a - l)x^ - aT^x^ + 2}+ /3(/3 + l)x^T-^ - /JT"^ 

since T'{x) = xT{x)~^ and T" = T(x)~^. Now for all a > the bracket tends to 
as tends to +oo and for all (3 the last two terms go to 0, so the continuous map 
L(log\^) + (log^)'^ is bounded from above on M. I 

The first basic result is the following 

Lemma 4.2 For all a > 1 and f3 > there exists a constant C = C{a,P) such that, for 
all smooth and compactly supported functions f such that /(O) = 0, 

(^) 

' f'dl,a<CS,MJ), 



(n) 

2(1-7) 



J f'df^a<C£,MJr(^J \f\Vdfia 



where V is the weight given by ( 12^ and 7 = 1 — 2— — — — G (77,1]- 
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Proof. — We shall let C denote diverse constants depending only on a in the proof of (z), 
and only on a and (3 in the proof of (ii). 

For a; > we let q{x) = dfiaiv)- The argument will be based on the following 
classical estimate (see for instance [H CoroUaire 6.4.2]): 

< (23) 

To prove (i), and for / satisfying /(O) = 0, we write 

/ fdpa = 2 f{t)f'{t)dfia{x)dt = 2 / f{t)f{t)q{t)dt. 

Jo J Jt=o Jo 

But, by ( l23l) . we have the upper bound q(t) < Cpait) since a,T > 1, so that 

fdp.<c\\fhs,MJ)'^' 



by the Cauchy-Schwarz inequality. A similar result holds for the integral on (— oo,0], 
which gives (i). 

Let us now prove (ii) for a > 1, since for a = 1 it amounts to (i). Without loss of 
generality, we assume that / is non-negative. Then 



oo 

2, 



Jo III/II2- / Jo III/II2 / 

where Z is a positive constant to be chosen later on. The first term is bounded from 
above by H/HgZ'"^/^ J fVdfia- Then we write the second one as 

/•oo nco roo 

by writing p{x) = 2 £ f{t)f'{t)dt. We bound the inner integral in the following two 
ways. 

On the one hand 



00 



1| /i|i>^(,)^-V2}^^/^a(a;) < J dpa{x) = qit) < Cpamitf'" (25) 



according to (l23l) . 

On the other hand the map y i— >■ e^/^y"'' is decreasing on (0, 2(3] and then increas- 
ing, and T > 1; hence V is increasing on (0, -|-oo) if 2/3 < 1, and it is decreasing on 
(0, - 1] and then increasing otherwise. Hence, in any case, there exists C such that 

V{x) > CV{t) for all a; > t > 0. Hence 



00 



z z 

(26) 



by the Markov inequality. 
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Therefore 



l{/w>v(.)z-V2}^/^a(x) < Cpait) mm {T{ty-^ ,T'^ {t)Z} . 

Now, since a + 2/3 — 1>0 and T is increasing, then for any Z G (0, 1] there exists to 
such that r(to)"+^^"^ = l/Z, that is, T(to)^"'' = T{tof^Z. We spht the integral in (El]) 
into two parts, according to t > to or not, and obtain 



POO PtQ POO 

Jo III/II2 / Jo J to 

/•to foo 

< CZT'^ito) / \ff'\dfi, + CT'--ito) / \ff'\dfia 

Jo Jto 

since /3 > and 1 - a < 0. Moreover ZT^i^{to) = r(to)^~", so 

/oo 



by the Cauchy-Schwarz inequahty. 

In the end we have obtained the bound 



< C 



Z-'/'J fVdf,a + Z^8,MJy^' 



for all < Z < 1. 

If / fVdfia < S^Sf. ff" then we choose 

2(l-a-2P) 

to get the inequality 

fdfi,<C£,MJy^J fVdfiaj 

where 7 = (a — 1 + 2/3)/(3(a — 1) + 2/3). The same estimate holds on (—00, 0] which gives 
in)- 

If now S,M, ff'^ < I fVdfia, then, by (t), 

I fdfi, < cs,MJ) = CE,SfJV£,SfJ?^' < cs,MJr ( / fvdf,,^ 

for all < 7 < 1, which gives (ii). 



2(1-7) 



Remark 4.3 The first point of Lemma \4-^ is only based on the tail estimate q{t) < 
Cpa{t), so holds for all measures dfi = pdx such that q{x) < Cp{x) where q{x) = 
+00)). In particular such probability measures fi satisfy a spectral gap inequality 



< (1 fdfi^ +cs,u\f) 
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by applying (i) to f — f{0), since 



Var^(/) := j fdfi - Q fdf?j < j if ' c)'di, 

for all constants c, and in particular for c = /(O). 

In fact the probability measure fia is log-concave on M and, according to the Bobkov 
Theorem (see fTD^)- all log-concave measures on M" satisfy a Poincare inequality. Note 
that a proof of this result is given in by using the Lyapunov function W = e^"^" for a 
7 > 0. 

Remark 4.4 The condition a > 1 is crucial in this proof of Lemma \4.S\ The second 
point is obtained for all f3 > 0. For 13 < we may use the bound ( 126|) with T{tY^ < 1, 
but not ( 125|) .- then we choose Z = (J fVdfia^^iaif^ f)~^^^)^^^ obtain (ii) with 7 = 1/3. 
Observe that the best bound is obtained for /3 = 0, for which we have the following general 
bound. 

Remark 4.5 Let n be a probability measure on R, with a density p{x) increasing on 
(—00,0) and decreasing on (0, 00) and let V = p"^^"^ . Then 



for all smooth functions such that /(O) = 0. The proof follows the argument of Lemma \4.2^ 
by using the bound ( l26l) but not (l25l) . It gives a Nash inequality with </'(x) = 2x^^'^/27 on 
(0,+oo), so that 1/0 is integrable at infinity. However, besides the restriction /(O) = 
which will be removed below only for a > 3 ( with 13 = 0), it does not give any upper bound 
on the density, as in Corollary \2.8\ since V is not in C^{p). 

The restriction /(O) = is removed by the following 
Lemma 4.6 Given the measure dfia = Caexp{—T°')dx with a > and the weight function 

V = exp(T72)T-^ 

with 

then there exist 9 E (0, 1) and constant C such that 

j \f-fmVdiJia<C j \f\Vdpia+{^j \f\Vdpi)j £,SfJf" 

for all nonnegative smooth compactly supported f on M. 
Remark 4.7 For (3 > 3/2 then all 9 E (2/3,1) are admissible. 
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Proof. — In the proof we shall let C denote diverse constants which depend only on a, /3 
and a parameter a to be introduced later on. We start by writing 



|/-/(0)|yrf/i,< / \ f\VdfXa+\fm / VdfX^. 



For convenience we let 



U= / \f\Vdix. 



For any a > 0, and any x G M, write 



\r{x)-r{o)\ = a\ I r~'f'dx\<c 



Jo Pa^ 



By the Holder inequality, for any p,q,r > 1 such that 1/p + 1/q + 1/r = 1, then 



fghdfia 



< ll/llpll^lUI^I|r- 



For g = 2, p = l/(a — 1) and r = 2/(3 — 2a) with a G (1,3/2) this gives 
where 



Pa{t) 



-dt 



Then 



,0 ^(t)^"-!) 

1/(0)1 <i/(x)i + ir(o)-r(x)i^/" 



for all X since a > 1, so 

\fm<C[\f{x)\ + U'^'''^£,MJf^"'^K{x)l 

and then 

1/(0)1 j Vdf,a<C U + U'^'/'^S.MJy^^"'^ J KVdfia 



(27) 



(2^ 



Let us prove that / KVdfia is finite. By the definition ([22]) of V and [H CoroUaire 6.4.2] 
for instance, one has 



K{x) 



(29) 



with 



d = (3[l 



l\ a-l 



a I ra 



In fact the two quantities in fl29|) are equivalent when |x| is large. 

Hence KVpa < CT'^~^ , so the integral / KVd^a is convergent as soon as d — (3 < —1, 
that is, 

a<l + -((3 

a V 2 
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Hence, if /3 > (3 — a)/2, then any 1 < a < min|-,l H — (/3 — )| satisfies all 

conditions, so that J KVd^a < oo. Then 

1/ - fmvdfia <c[u + u'~'/^s,M\ /)'/^'"^] 

by fl7r|) and fl2Sl) . This proves Lemma [4.61 with 6 = 1/a. I 
Remark 4.8 The argument is only based on the fact that the function 



K{x) 



|/r(a-l) 



dt 



satisfies 

J KpaVdx < CO. 

In particular, in the limiting case when (3 = and V{x) = pa , this amounts to 
3 



that is, a > 



(see again |2l Corollaire 6.4-2] for instance). In turn this holds for 



3 -2a 

an a & (1, 3/2) if and only if a > 3. 

Remark 4.9 The two fundamental lemmas are based on the two estimates ( l23l) and ( l29i) . 
These are basic estimates when proving that a probability measure on M satisfies a Poincare 
or a logarithmic Sobolev inequalities, as explained in fJl Section 6.4]. 

Collecting lemmas [4.21 and [4.61 we get the following main result: 
Theorem 4.10 On M, let us consider the measure 

dpa{x) = Caexp{-T'^)dx 
with T{x) = (1 + and the weight function 



V = exp(^^^T-^ 



with a > 1 and /3 G M. Then there exist C and X G (0, 1) such that 



1<C 



\f\Vdp, 



(30) 



for all functions f 
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Proof. — The space of smooth functions with compact support is dense in the domain 
of L, so it is enough to consider the case when / is smooth and compactly supported. 
Also, without loss of generality, we may assume that / is nonnegative. Here again C will 
denote diverse constants depending on the parameters a and (3 and a parameter 6 to be 
introduced later on. 
One has, 



The weight V is bounded from below by a positive constant, so 

\l<c( [ fVdfi^ + / 1/ - fm'dfia. (31) 



Let now U = J fVdfia and Uq = / |/ — f{0)\Vdfj,a and assume (3 > 0. By Lemma 
applied to the function / — /(O), one has 



^ \f-fm'dfia<C£,MJru'o^'~'\ (32) 
where 

a — 1 

7 = 1- 2 . 

' 3(a-l) + 2/3 

But, if moreover /3 > (3 — a)/2, by Lemma [4.61 there exists 6 G (0, 1) such that 

Uo<C[U + U'-'£,SfJf^'], 

so that 



by (132]). Hence, by (13T]). 



f/2 J \ U"^ J 



7+e(l-7)- 



< c 



ifA = 7 + 6'(l — 7) G (0,1). This concludes the argument for (3 > max(0, \^). 

Then, since V is decreasing in /3, then ( 130|) holds for all real /3. ■ 

Remark 4.11 We are restricted to a > 1, since for a = 1 then only X = 1 is admissible; 
this gives a useless inequality for our purpose, which is even weaker than the Poincare 
inequality. 

According to Lemma \4.6\ and Remark \4.'T\ the larger (3 is, the smaller the weight V is, 
and the larger exponent A of the Dirichlet form has to be in f pOj) .- on the contrary, the 
smaller [3 is (> 3/2), the smaller exponent A we can take. 

We can now illustrate the abstract method of section [2] by obtaining the following 
pointwise bounds on the Markov semigroup associated to L, which bring new information 
on this semigroup for small time: 
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Corollary 4.12 Let a > 1 and let {Pt)t>o be the Markov generator on M with generator 



Lf = f" - aT^-^T'f, 

and reversible measure dna{x) = pa{x)dx = Caexp(— (1 + \x\'^)"'^'^)dx. 

Then for all real (i there exists 5 > and a constant C such that, for all t, Pt has a 
density pt with respect to the measure fia, which satisfies 



tS (1 + |^|2)/3/2(l+ |^|2)/3/2 

for almost every x, y G M. 

Moreover, the spectrum of —L is discrete and its eigenvalues {Xn)n£N satisfy the in- 
equality 

n 

for all t > 0. 

Proof. — Letting C and A G (0, 1) be defined as in Theorem 14. 10^ by the inequality f l30p 
the Dirichlet form S^^ satisfies a weighted Nash inequality with weight V = exp(T"/2)T~^ 
and rate function 

(f){x) = C-^/\x - C)^/^ 

on (C, +oo). Moreover the weight is a Lyapunov function with constant c > by 
Lemma l4.ll it is in C'^{fia) if /3 > 1/2 and hypothesis (fT6l) of Theorem 12.51 holds since 
A < 1. Hence, by Corollary 12.81 and for diverse constants C = C{a,(3, A), for alH > the 
operator P2t has a density p2t with respect to fia, which satisfies 



(1 + \x\^y/^{l + |?/|2)^/2 - (1 + |x|2)/3/2(l + |y|2)/3/2 " 

This proves the first statement for /3 > 1/2, with 5 = 2A/(1 — A) > 0, and then for any (3. 

The second statement on the trace of Pt is obtained by letting any (3 > 1/2 in the 
upper bound on pt{x,x) and integrating. i 

For /3 > 1/2, the non-uniform bound implies that Pt is Hilbert-Schmidt but we do 
not recover the Orlicz hypercontractivity result of [7]. This is not surprising since in fact 
no bound such as K[t)V{x)V{y) can imply hypercontractivity of more generally Orlicz 
hypercontractivity. 

Remark 4.13 The same method, with V = 1, leads to a (non weighted) Nash inequality 
for fia with a > 1, with rate function 

(f){x) =Cx(logx)2(i-i/») 

on an interval (M, oo). By Theorem \2.5\ this implies that the semigroup is ultracontractive 
as soon asl/cj) is integrable at infinity, that is, for a > 2, hence recovering a partial result 

ofm- 
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Remark 4.14 Observe in Corollary \4.1S\ that there is no optimal (5, that is, no optimal 
bound on pt{x, x) of the form C{t)p{x)~^/'^T{x)~^ . So one could look for an optimal bound 
on pt{x, x) such as C{t) p~^{x) for a X E {0,1/2) . It is not the case in the Gaussian case 
when a = 2: in this case the optimal bound is C{t) exp (1 + e^*)) , hence of the form 
C(t)p(x)-^W with \{t) < 1/2; It is even an equality, see ( |T3l) . 

Also for 1 < a < 2 it seems thatpt{x, x) can not be bounded by C{t)p~^{x) for A < 1/2. 
Indeed, for the weight V = exp(AT") with A < 1/2, our method leads to a weighted Nash 
inequality with rate function 

=C(a,A)x(logx)2(^-^/") 

on an interval {M, oo), where A appears only in the value of the constant C{a, A). Apart 
from the values of the constants, this is not better than the inequality obtained in Re- 
mark \jn^ with V = 1, and again this is not enough to obtain any bound on the density 
Pt{x,y) by lack of integrability of l/4>. Now we do not know whether a bound such as 
C(t) p{x)~^^^^ with X(t) < 1/2 could be optimal, but we strongly doubt about it. 

Again from this point of view the Gaussian case appears as a particular case, being a 
critical case as regards the two points of view of ultracontractivity and non-uniform bounds; 
in this case, and in this case only, one may do better, and Gaussian Nash inequalities are 
under study in a work in progress. 
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